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Variational calculations of ionized-donor-bound excitons
in GaAs-AlxGa1−xAs quantum wells?
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Abstract. Using a two-parameter wave function, we calculate variationally the binding energy of an exciton
bound to an ionized donor impurity (D+,X) in GaAs-AlxGa1−xAs quantum wells for the values of the
well width from 10 to 300 Å, when the dopant is located in the center of the well and at the edge of
the well. The theoretical results confirm that the previous experimental speculation proposed by Reynolds
et al. [Phys. Rev. B 40, 6210 (1989)] is the binding energy of D+, X for the dopant at the edge of the well.
In addition, we also calculate the center-of-mass wave function of the exciton and the average interparticle
distances. The results are discussed in detail.

PACS. 71.35.-y Excitons and related phenomena – 73.20.Dx Electron states in low-dimensional structures
(superlattices, quantum well structures and multilayers)

1 Introduction

For years, there has been a great deal of interest in bound
excitons (BE) states in bulk semiconductors [1,2]. The BE
states have been observed in many semiconductors since
the early 1960s. They are very common because most prac-
tical semiconductors containing impurities or defects in
significant quantity can produce this binding. The bind-
ing energy of the exciton to the impurity or defect is gen-
erally weak, compared to the free-exciton binding energy.
The recent advances in the crystal growth technique of
molecular epitaxy allow the engineering of semiconduc-
tors on an atomic scale such as superlattices or quantum
wells (QWs) [3]. In these heterostructures, the quantum
confinement effects may become important. Particularly
the Coulomb interaction between electrons and holes is
increased because the wave function is compressed along
the growth-axis. Therefore excitonic effects become more
important than those in the bulk semiconductors and ex-
citons may be observed up to room temperature because
the thermal ionization is less efficient [4,5]. The origi-
nal report of donor-related complexes in quantum wells
was first proposed by Shanabrook and Comas [6]. Liu
et al. [7] observed transitions in the photoluminescence
associated with excitons bound to neutral and ionized
donors (D+, X) located at the center of the well (CW).
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Up to now, we have known that the two-dimensional (2D)
D+, X energies [8] are about four times greater than those
obtained in the three-dimensional (3D) case [9]. The en-
ergies in the QWs are expected to be between the 2D
and 3D limits. There has been some experimental data
about D+, X states in GaAs-AlxGa1−xAs QWs, but few
theoretical studies concerning it except for reference [10].
The speculative binding energies of D+, X associated with
donors at the center of the barrier and/or edge of the well
(EW) in reference [11] remain unconfirmed. So, it is nec-
essary to make further theoretical study for the D+, X
complex in QWs.

In this paper, using the two-parameter wave function,
we calculate variationally the binding energy of a heavy-
hole exciton bound to an ionized donor impurity located
in CW and EW. For the dopant at EW, we discuss and
compare our results with experimental data [11], and de-
termine the speculation in reference [11]. Besides, we cal-
culate the center-of-mass wave function of the exciton and
the average interparticle distances for the dopant in CW,
which play an important role in studying the properties
of D+, X in QWs.

2 Theory

Here we suppose that the band offsets are weak enough so
that the effective-mass approximation may be used. Then
the Hamiltonian of D+, X in the single quantum wells
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(SQWs) can be written as

H = −ce∇2
e − ch∇2

h −
2√

ρ2
e + (ze − z0)2

+
2√

ρ2
h + (zh − z0)2

− 2√
ρ2

eh + (ze − zh)2
+ Ve + Vh,

(1)

where subscript e is the electron and h the hole, zi is the
relative coordinate to the origin along the layer normal
(001) direction, ρi is the relative coordinate to the origin
in 2D plane (i = e,h), ρeh is the distance between the
electron and the hole in 2D plane, (0, 0, z0) is the dopant
position, ce = mew/me, ch = mew/mh, mew is the ef-
fective mass of conduction electron in GaAs, me (mh) is
the effective mass of the conduction electron (the heavy
hole) in GaAs or AlxGa1−xAs. The potential wells for the
conduction electron Ve and for the heavy hole Vh are as-
sumed to be square wells of width d. Here we have chosen,
without any loss of generality, the origin of the coordinate
system to be the center of the GaAs well. The values of
the potential well heights Ve and Vh are determined from
the Al concentration in AlxGa1−xAs.

In our calculations, the units of distance and energy
are the Bohr radius and electron Rydberg in GaAs, re-
spectively; aB = εwh̄

2/e2mew, Ry = e2/2εwaB, where εw
is the dielectric constant in GaAs.

For the D+, X system we use the wave function [12–14]

Ψ = Φ(ρe,ρh)fe(ze)fh(zh), (2)

where fe(z) and fh(z) are taken to be ground state solu-
tions of an electron and a hole for the finite square well po-
tentials, respectively. To simplify the calculation we have
not included an explicit z dependence in Φ. The Hamilto-
nian of interest is then just Heff , which can be written in
dimensionless form:

Heff = −ce∇2
e − ch∇2

h − 2(Ued − Uhd + Ueh), (3)

where ce = mew/me‖, ch = mew/mh‖, me‖ (mh‖) is the
effective 2D mass of the electron (the heavy hole), as can
be calculated from reference [15]. Ued, Uhd, and Ueh come
from the effective 2D Coulomb interaction. Ued, Uhd are
defined by [12–14]

Ud(ρ) =
∫

f2
e (ze)√

ρ2
e + (ze − z0)2

dze =
1− e−γdρe

ρe
, (4)

and Ueh is defined by

Ueh(ρ) =
∫ ∫

f2
e (ze)f2

h(zh)√
ρ2 + z2

dzedzh =
1− e−γxρ

ρ
, (5)

where z = ze − zh, ρ = ρe − ρh is the relative coordinate
in 2D plane, γ−1

d , γ−1
x is a measure of the well width d/aB.

In equation (4), we have chosen γed = γhd = γd. These ap-
proximations were justified in reference [14]. The param-
eter γd must be calibrated by requiring that equation (4)

gives the correct binding energy for the impurity state in
SQWs. As to the details, see reference [13] and [14]. A
similar calculation is made for the exciton state in SQWs,
from which the γx is obtained [13,14].

To solve the problem of the bound states of the effec-
tive 2D D+, X system, we have to find the wave function
Φ in equation (2) satisfying the wave equation

HeffΦ = EΦ. (6)

We restrict our study to the ground state, correspond-
ing to the lowest energy value E, which is determined
by means of variational calculations. Here we use a wave
function in the effective 2D D+, X system, which has
a similar form to that in the calculation of Liu et al.
[13,14,17,18], i.e.,

Φ(ρe,ρh) = Nφc(Reh)φx(ρeh), (7)

where N is the normalization constant, φx(ρ) = e−αxρ
is Slater 1s orbitals describing the effective 2D exciton,
and φc(R) is a wave function describing the center-of-
mass motion of the effective 2D exciton. Reh = (me‖ρe +
mh‖ρh)/(me‖ +mh‖) = (σρe + ρh)/(1 + σ) is the center-
of-mass coordinate for the effective 2D exciton, and ρeh =
ρe−ρh is the relative coordinate of electron and hole in the
effective 2D exciton. The energy of the D+, X system is

E =
∫
Φ∗HeffΦdτ∫
|Φ|2dτ

, (8)

where dτ = d2ρed2ρh is the total volume element. We
assume φc(R) = Rαe−βR, where α and β are the nonlinear
variational parameters which are adjusted to minimize the
energy E of the bound exciton system. In our calculations,
we use the varying values for the conduction-band and
valence-band mass parameters and the dielectric constants
in GaAs and Al0.3Ga0.7As. The material parameters used
in the calculation are listed in Table 1. Using the values
of αx, γd, γx, obtained previously, we obtain the binding
energy of D+, X :

Edxb = E −Exb, (9)

where Exb is the binding energy of the 1s exciton state
in SQWs. The Edxb versus the well width is shown in
Figure 1. With the two variational parameters α and β,
we can also obtain the center-of-mass wave function of the
exciton

φc(R) = ARαe−βR, (10)

where A is the normalization constant. The φc(R)
versus the radius R is shown in Figure 2. And the av-
erage interparticle distances can be obtained by

〈r〉 =
∫
Φ∗rΦdτ∫
|Φ|2dτ

, (11)

the 〈r〉 versus the well width is shown in Figure 3.
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Table 1. Material parameters of GaAs and Al0.3Ga0.7As used in the calculation.

Material ∆Eg(meV) ∆Ec/∆Eg γ1 γ2 m∗e ε

GaAsa 6.85 2.1 0.0665 12.5

379.80b 57%a

Al0.3Ga0.7As 5.22c 1.40c 0.0914d 11.8d

a Ref. [10]. b Ref. [16]. c Ref. [19]. d Ref. [20].

Fig. 1. Binding energy Edxb of an exciton bound to an ionized
donor located at CW and EW as a function of well thickness.
The solid curve is the result of CW, the dashed curve is the
result of EW and the circles are the experimental points of
reference [11].

Fig. 2. The center-of-mass wave functions of the exciton as
functions of the effective 2D radial distance R for the various
well widths when the dopant is located in CW. The dashed
curve is the result of the well width of 10 Å, the solid curve
is the result of the well width of 30 Å, the dotted curve is the
result of the well width of 100 Å, the dot-dashed curve is the
result of the well width of 300 Å.

Fig. 3. The average interparticle distances as functions of well
thickness for the dopant in CW.

3 Results and discussion

1. The binding energy of D+, X when the dopant is lo-
cated in CW: We calculate the binding energy of D+, X
as a function of the well size from 10 to 300 Å, and find
the binding energy increases as the well size is increased
to about 30 Å, after which the binding energy decreases.
It can be seen from Figure 1 that the binding energy of
D+, X appears a peak value of 1.742 meV, which is an in-
evitable outcome for SQWs with finite potential barrier.
The position of the binding energy peak appears at around
30 Å, which is less than 50 Å in the previous work [10]
because of concerning the effect of effective mass and di-
electric constant mismatch in the two materials. This is
also the position of the peak for the exciton states. It is
easy to understand, since the electron and hole are bound
by the same potentials both in the case of D+, X and of
exciton states.

In the two limits where the well width becomes infin-
ity or zero, our wave function (2) becomes questionable
because of the separation of the coordinates. In the wider
well, the exciton radius is far less than the well width
(Fig. 3), so the system tends to 3D case [9]. In this case
our wave function (2) is not well adapted, which cause a
underestimation of the binding energy for large wells. In
the other side of narrower well, the mass discontinuity in-
hibits tunneling and thus raises the binding energy. As to
the well size down to about 10 Å, the mass discontinuity
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almost vanishes, and the effective mass tends to recover
the 3D case.

The two-parameter wave function (7) we used has a
clear physical idea and a simple mathematical form, and
incorporates important interparticle correlation effects.

When we calculate the binding energy of D+, X sys-
tem, only the two variational parameters in the wave func-
tion are determined by minimizing the value E of the to-
tal energy of the bound exciton. Our results have been
obtained without adopting any adjustable parameters in
our theory. So the two-parameters wave function we chose
can describe the properties of D+, X system.

2. The binding energy of D+, X when the dopant is
located at EW: When the dopant is located at EW, the
binding energy of D+, X has a peak too. Its position is
similar to that of the dopant in CW. The peak value is
about 1.720 meV. The binding energy of EW (D+, X)
is smaller than that of CW (D+, X), and the gap value
increases as the well size is increased. These properties
result from the fact that the repulsive barrier potential
tends to push the particle charge distribution away from
the attractive ionized center thereby leading to a reduced
effective Coulomb attraction. The wider the well is, the
less tightly bound the EW system is than the CW sys-
tem; and the more the EW wave function spread into the
barrier, the smaller the binding energies are.

By comparing the experimental data in reference [11]
with our results, we can see from Figure 1 that the exper-
imental data in reference [11] agrees fairly with the result
of the dopant at EW. As is known to all, the system bind-
ing energy for the dopant in barrier is smaller than that
for the dopant at EW. So, we can determine the specula-
tion in reference [11] is the binding energy of D+, X for
the dopant at EW.

3. The center-of-mass wave function of the exciton for
the dopant in CW: It can be seen from Figure 2 that
the center-of-mass wave function of the exciton is cen-
tered very close to the origin and spreads out in coordinate
space. At the well width of about 30 Å, the φc(R) reaches
the most centralized distribution, and at the other well
widths, the φc(R) spreads out gradually, particularly at
the wider well, which agrees reasonably with the chang-
ing tendency of the binding energy for the various well
widths. Therefore the average interparticle distances have
a minimum value at the well width of about 30 Å, after
which they yield an increase as the well size is increased,
as we can see from Figure 3 apparently.

4. The average interparticle distances of D+, X for the
dopant in CW: It can be seen from Figure 3 that the aver-
age interparticle distances yield reductions as the well size
is increased to about 30 Å, after which they increase. The
changing tendency of the average interparticle distances
is reverse to that of the binding energy. When the well
width is about 30 Å, the average interparticle distances
take their smallest values while the Edxb takes its great-
est value, and the Edxb yields a reduction as the average
interparticle distances are increased. The average distance
of donor-electron is smaller than that of donor-hole, which
is due to the Coulomb potential. The distance of electron-

hole varies little with the well width leading to the system
tends to 3D case for large well, as is discussed above. All
of these properties are reasonable.

The center-of-mass wave function of the exciton and
the average interparticle distances for the dopant at EW
are similar to those for the dopant in CW.

In conclusion, we have calculated the binding energy of
D+, X in GaAs-Al0.3Ga0.7As SQWs for the dopant in CW
and at EW, the center-of- mass wave function of the exci-
ton and the average interparticle distances for the dopant
in CW as a function of the well size from 10 to 300 Å. The
results yielded an increase in binding energy as the well
size is increased to about 30 Å, after which the binding en-
ergy decreases. The center-of-mass wave function reaches
the most centralized distribution and the average inter-
particle distances reach the smallest value at the well size
of about 30 Å. Their changing tendencies for the various
well widths are consistent theoretically. By comparing our
results with the experimental data, we have determined
the speculation in reference [11] is the binding energy of
D+, X for the dopant at EW.
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